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Many real life problems involving management decision or policy making over limited available
resources are usually formulated as optimization problems. This work focuses on two major techniques
of obtaining solutions in global optimization: Outer Approximation Method (OAM) and Interior Point
Method (IPM). Special consideration is made on constraint dropping strategy over a polyhedral set
which is a technique of OAM and compares it with interior point method. Computational steps show
that IPM performs very well due to its gradient-based property but the same optimal solution. The
OAM technique discussed allows nonlinear cuts and unbounded feasible sets.
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INTRODUCTION

This current work considers two special
techniques of handling a bounded feasible set
known as Polyhedral sets. There are several
methods for global optimization such as the
Branch and Bound methods, Neighbour
generation method; the Fixed Point method,
Interior Point Method(IPM), different gradient
techniques, especially the approximate gradient
method and of course, the OAM.. The OAM of
feasible set involves a sequence of relaxed sets
which could be broken down into simpler
subsets or the inner approximation, which is
also an aspect of the OAM. Series of works
have been done in this field. Hence, this
present work brings together some of these
different approaches of OAM and IPM. IPM
came about as need to improve the existing
solution technique.

Since the pioneering works of Cheney and
Goldstein (1959) and then Golmory (1957) on
the algorithm for Integer Programming
solutions, many researchers have proposed a
number of working algorithms. Horst and
Thoai (1984), Benson (1996), Horst et al.
(1989a and 1989b) were on the front burner to
promote OAM by Polyhedral convex set.
However, Karmarkar (1984a)’s interior point

generation LP problems came on board. His
contributions also showed that the optimal
solutions so obtained were global. Rosen (1988)
focused more on global minimization for concave
functions. With continuous improvement, OAM
has developed into a basic tool in combinatorial
optimization. Horst et al. (1989a, b) presented a
large variety of methods. IPMs as proposed in
Karmarkar (19844, b) have also been highlighted
in this work. It is a method that works in opposite
direction with OAM but arrives at the same
destination. Some of these optimization problems
can be handled through the duality approach. A
variant OAM developed by Benson(1996) has
been considered. The cutting plane method laid
the foundation and then improvement in recent
algorithms which are more efficient. Kelly
(1960), Topkis (1970) and Veinott (1997) have
all contributed in different dimensions as early
arrivals. Recent contributions are now channeled
towards bilevel Mixed integer programming
problems (Kleinert and Schmidt, 2019; Lozano
and Smith, 2017). Fletcher and Leyffer(1994)
administered OAM in solving mixed integer
nonlinear ~ programs.  Several  numerical
illustrations have been given in Ehrgott et al.
(2007).
In the angle of IPM, Arbel (1993, 1994) and
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Arbel and Oren (1996) purported that obtaining
the interior multi-objective LP is better through
approximate gradient method. An LP model
formulated as an OAM having combinatorial
lower bound problem in terms of machine
problems has been studied by Goemans et al.
(2002) and Dyer and Wolsey (1990) with a
comparison. This comparison corresponds to a
technique of assignment problem where
variables show which activity is being
processed. Another relaxation method was
proposed by Fukushima (1983) with an
algorithm that solves each stage of the
constraint  problems independent of the
solution from the previous stage. Plaxco et al.
(2014) also contributed by using polynomial
time completion and it minimized the mean
busy time of preemptive time indexed
formulation in Goemans et al.(2002). However,
Cornuejols (2008) explained how to recognize
valid inequalities that would be used to
generate interior of multi-objective linear
program. It surveys the method of developing a
framework for dual mixed integer linear
program.

In many applications, the ideas portrayed are
to solve the resulting optimization problem and
show that the results obtained are globally
optimal for the problems arising from the
model formulations. Next, the workings of the
two techniques are presented.

Let us consider the optimization problem
below

minf (x) )
subject tox € D

D is a compact set of n-tupple decision
elements

Outer approximation method

The general technique of OAM is obtained by
reformulating (1) as a minimization of a
sequence of simpler relaxed sub-functions
contained in the compact set, D. that is,

min fi (x)
k

subjecttox; €Dy, i =1,2,...,n

(@)

Such thatf:R* > R > D; DD, D - D Dy
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Also, min f, (D) — min f(D) . Moreover, the
sets of Dybelong to J,, where J, is a family of
closed convex sets with the following
characteristics:

(i) The sets, of: D,  R™are closed for all k and
any problem (2) having D;..r has a solution

can be solved by algorithms available.

(ii) For any Dy, € J,contained in D and any point
x; € D, without D, can be determined by

defining the special constraint  function
(i£}: R™ — Rsuch that
£,(x)<0,Vx€D
fk(xk)>0,{xEDk:€k(x)SO}E] }
©)

The properties £x(x) <0,VXE€Dand £, >0
denote that

{x € R":#,(x) <0} is dense and strictly
separate x, € D, /D from D. The process of
breaking down the original constraint into sub-
problems in form of additional constraints is
known as constraint dropping strategy over a
polyhedral function. The constraint dropping idea
comes from the behavior of the additional
constraint £, (x;) > 0 which cuts off a subset of
D,.. Recall also that D c D, Vk, meaning that no
part of D is cut-off. Each D,consists of outer
approximation of D.

Consequently, since Dy D Dyy; D =D D , we
have that:

minf (Dy) < f(Di41) <...< minf(D)and
X, € D = x;, € argminf (D) 4)

Given the initial set D;containing the feasible
region D, a successive sets of D,k = 1,2, ... are
constructed iteratively in a way that D, O
Dy,iand xj, & Dyyq. If x, €D, then x;, is a
global solution. We now present results on the
principles of Quter approximation method. The
result is due to Horst and Tuy (1993).

THEOREM 1

That (i) the sequence ¢; is a lower semi-
continuous for each j=1,2,3,...

(i) each convergent subsequence{x;} c {x;}
satisfying x; —» x°,i — oo contains a subsequence

D



{xj} < {x;} such that lim;_ o ¢;(x;) =
lim;_ €;(%) and lim;_, €;(X) =0=>x €D.
Then every limit point of the sequence ;(x;)
is in D and also solves (3)

Proof: see Cheney and Goldstein(1959)

SOLUTION OF THE NEW VERTICES

Let the current set of inequalities be relaxed as
in (3)

fk(xk) > O, {X € Dk:’gk(X) < 0} E]k

k is finite set of indices and #;(x) <0 the
new constraint defining the extended domain

Dk+i = {x € ]Rfk(x) < O,l ekU {k}
(4)

If

Vi and yy 41 are the vertex sets of D, and Dy,
respectively with the extreme directional as

U and Uy 1 -

Then standardizing , we reformulate additional
constraints as

£(x) = ax + x*, x* € R (5)
And define y, and u;, as below

Vi =y €y te(y) >0}y =

{y € yi: i (y) <0} (62)
ug ={y Eyaqpu >0}, uy =

{u € up:aqpu < 0} (6b)

Converting the inequalities in 6a and b to
equations by equating both the positive and
negative sides to zero, a solution of
Vi is used to obtain yj 1. Similarly, a
solution of wuy is used for uy,, The set of
equations are solved using LP technique. The
vertices obtained are points in the Polytope Dy,
and intersect with unbounded edge of D,. The
extreme directions are also determined and the
redundant constraints are eliminated in such a
way that their removal does not affect or
change the solutions obtained. There are
several variants of OAM. Consider the
following solution steps.

Nigerian Journal of Science and Environment, VVol.18 (1) (2020)

METHODOLOGY

This method works perfectly for linear
programming problem(LPP). It is also suitable
for general continuous optimization and
applicable to nonlinear programs. Like the
bundle method that is popularly used for non
differentiable convex minimization, the results
are the same as OAM.

Let us consider Equation 2 with slight
modification as:

minfy (x), subject to x € D..(I)

and minY7_, f (y )yj, ”

subject to Y,/_; (4y;)y; < b...(1l)

Dk Z}nzl y] = 1.

Let the feasible region of (I1) of BB be denoted as
DA is an mxn matrix and b € R™.
Lety®, y1,..,y™ be vertices of n-simplex, Y c E.
Let also f;: R™ - R be a convex envelope of
f onY, then the following conditions hold,;

(i) ¥ € D' while x = ¥7_,¥;y’ € D and f3(%) =
(i) if y € D' is an extreme point of D' then
x = Y., ¥;y’ is an extreme point of D.

(iii) that the optimal solutions of the two models
in BB are equal or unique. That is, if x*is an
optimal solution to (I) of BB then y* € D' is an
optimal solution to Il of BB.

We can show that the above conditions are true
by

(1) Assume that y € D and x = X7 ,y;/ € D.
Since

2i=1(Ay;)y; < b, then Ax < b such that x € D.
(7)

This implies that f; in BB is an affine function
and also satisfies f;(v/) = f(y’), j=1,2,....n.
Hence

Ja(®) = ' '
faXi=0 V¥ )=25=07; fa W )=2i=0 Vi f (7).
(8)

(2) Suppose x is not an extreme point of D,
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given x1,x2 € D distinct from x and some
scalars

B € (01),%=px"+(1-p)x* ©9)

In the same way foryl,yi € D'we have that
xt = ;-‘zoyiyj, i =1,2then

x
BEioviy) + (- |

'3) Z;l=0y]‘2yjzz;l=0(,8yjl + (1 - 'B)yl-z)yfeD’
(10)

By the uniqueness of y*, there exists no ¥ € D’
also no y # y exists.

Hence,

y=By'+ (A -py? -y =yt =y?
implying that y is an extreme point of D'.

(3)To show that condition (iii) above hold, we
assume that x* is an optimal solution to
problem (1) of BB.y* € D'is a unique element
of D satisfying x* = ¥7_oy;y/. Moreover, if
x=Y}_o7y' €D then x* is an optimal
solution to problem I of BB. Thus, f;(x*) <
fa(X)

This is possible by initiating the following
steps

a) Choose an initial n-simplex v;, containing D
(D cV)

b) Create a partition of the initial n-simplex to
obtain n sub- division of n-simplex. Each
partition comprises n-sub-simplex with lower
bound(LB).

c) Minimize LB over the interval generated
from the previous iteration. This is used in the
current iteration.

INTERIOR POINT METHODS

This technique is especially useful in solving
primal-dual linear programming problem
especially of the multi-objective type. With this
approach, a single objective problem is
reformulated into multi-objective form by
deriving the gradient of the utility function.
Projecting the approximate gradient generates
the interior steps. Following the interior step
from current iteration to a new projection, a
number of variants have been introduced by
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Arbel (1993, 1994). The Karush-Kuhn Tucker
(KKT), the dual problem and the log barrier
function are some of the options of IPM. Let the
primal programming problem be given as:

min Clx

subject to Ax = b,x = o, (11)
Standardizing and then obtaining the dual yields

max by

subjectto ATy + yt =C%, y,yt >0, 1<i <

m (12)

Instead of using the simplex iterative method, the
derivative is obtained following the step
direction.

dx! = y7'wl(@;) —y;'Ddy’, 1 < j <n,

(13)
where
dy’ = —(Ay; 'DAT) Ay twi (@) (14)
dy' = —ATdy’ (15)
whit; = 4l ....Dy;I, w'(i) € R® (16)
u; =al’Dy;I/n (17)
And finally,
dx = 2?:0 Ajdx;,  and ;-‘zo/lj =1, 1>
0. (18)

y'denotes the additional variables resulting from
either slack, surplus or artificial variables for each
of the constraint equation. The dy' acts like the
directional derivative for the i constraint. From
Equations 10 to 18, D and y; are the diagonal
nxn matrix representing the components of
current iterates of x and y‘. Once the directional
derivative is obtained, the interior step direction
follows. This is synonymous to the approximate
gradient. Consider the model in (11),

if F(y) =Vf(y):y € D, fis differentiable.

Vi)' (y—y) = 0Vvy €D (19)

Equation 19 is called a variational inequality and
monotone if

D



F:R™ - R", (Fy)—=F(x)T(y—x) =0,
vx,y (20)

Another approach is to obtain the logarithmic
barrier function associated with Equation 11
as:

B(x,u) = f(x) —uXj logClx,
(21)

u is a positive scalar known as the barrier
parameter. The advantage is that it guarantees
convergence of solution as u — 0, (21) tends to
a solution of Equation 11.

ILLUSTRATIONS

Solve the multi-objective problem with three
objectives. Below are the cost matrices of the 3
objectives:

364 5 2354 4242
235 4 5343 4246
354 2 ’ 5264/’ 4263
453 6 4525 2453

Solution Example 1

For OAM the non-dominated vertices from the
cost matrices are (11,11,14), (19,14,10),
(15,9,17 ) and (13,16,11). These correspond to
the facets of the domain D by

3y, + 3y,+y3z; = 14
—9y1 — y2 +y3 =10
2y, + 8y, + y3 =17
—2y; —5y2 + y3 =11

for the 4 facets respectively. D has 9 vertices
(Table 1).

Example 2

- _ 2 2
nzl_nl};k =yi+y;+2

subjectto (y; —2)>—y, <0
y1=0
y1i—y2—3=0
y1—120
y2—120
yi—y2=0
0=y, =4, 0=y, <4
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Table 1. The vertices and the corresponding facets with
values obtained.

Vertices of D Facets
Y1 Y2 Y3
1 0 11 vy, =11
0o 1 9 Yo =9
0O O 10 yz =10
1 2 _
3 3 Hognt 3y =11
3 3 2 .1
s 0 12Y> Eyl + §y3— 125
4 2 4 3. .2
0 - 12; ;y2+ —y3—12;
1 2 1 6 2
; 0 ll; ;yl + ;yg = ll;
3 13 2 o1
0 5 12 s5Y2 * 5y =123
11 16 41 11 + 16 + 34 =12 41
61 61 61 a1Vl T g2 a1 Y3~ eq

Method 2 of OAM to obtain the solution of
(y1,¥2) = [1,1] . The optimal solution has upper
bound as 4 .

Example 3

minimize f(x) = Z logx; > 0 subject to Ax = b
i=1

Solution: feasible point IPM: g = Vf(x), H =
V2 f(x)

d _|X1| H =di li l
an g—{_l‘, = diagona 2R
Xn

The Hessian is positive definite,

[ZI ‘%T] [i] = [_Og], the firstrow is Hd + ATu=—g
= g-H(g+A"u). The second rowAd = 0,= AH™ (g + ATw) = 0
= AH'A" is invertible. Hence,u = ~AH'ATY1AH g,
B = diagonal{x?, ..x}}

The matrix AH AT is known as Schur
complement of H.
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Explanation

In Example 1, the dual simplex was used to
solve the reformulated linear cuts in OAM
while the constraints system was decomposed
from the primal into its dual following the
steps of IPM to obtain solution. The results
obtained showed the same optimal solution.
The number of constraints in the optimal table
was 16 in 16 unknown, with 4 vertices, 3
facets. It was observed that the dual is faster if
the decomposed constraints have fewer facets.
Examples 2 and 3 were solved using OAM and
IPM respectively.

Conclusion

The OAM came into existence to overcome the
problems of extreme point ranking through the
additional constraints (affine cuts) introduced
which also guarantee convergence. The cutting
plane method was the first algorithm developed
for Integer programming and later modified to
obtain the Branch and Bound method. Thus, it
gave an insight for more efficient algorithms.
OAM is an improvement of these techniques.
The advantage attached to OAM is that the
steps involved are finite; the solution is exact
and globally optimal. The IPM also guarantees
convergence and is affine invariance. For the
OAM, as the number of linear constraints
increases at each stage of the iteration,
computational effort increases. By proceeding
with the solution, redundant constraints are
dropped while a finite number of the relevant
cuts are retained. Apart from this, at each stage
again, the localized sets are replaced with
bounded set as an additional constraint. If the
function f in Equations 11 or 19 is nonlinear,
then the localized sets are no longer
Polyhedral. The common factor is that the two
techniques can be utilized to solve both linear
and nonlinear programming. On the other
hand, the IPM is not too efficient especially for
large convex problem.
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